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The Mpemba effect in water 

[J. H. Thomas, Wooster Open Works (2007)]



The quasi-static origin of the paradox
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PT(x) ∝ e−H(x)/kT



Non-equilibrium shortcuts
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• Markov property implies master equation


• Assuming ergodicity + detailed balance: 
 is diagonalizable with real eigenvalues 

 
 
and (right) eigenvectors

Rij(Tb)

Non-equilibrium Markovian dynamics

dpi(t)
dt

= ∑
j

Rij(Tb)pj(t)

λ0 = 0 > λ1 > … > λn

v0 = peq , v1, … , vn



• Starting conditions:  and 


• After quench, relaxation to equilibrium 
is identical at long times


• If  then the cold system lags behind the hot one: Mpemba effect!


• If , relaxation is “exponentially” faster: “strong” Mpemba effect
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The Markovian Mpemba effect

ph(t) = peq+ah
1 eλ1t v1 + …

pc(t) = peq+ac
1 eλ1t v1 + …
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Example: three-state system



Example: three-state system

Mpemba 
effect



The first experiment: a colloid in a double-well

[Kumar and Bechhoefer, Nature 2020]



Mpemba effect and rugged landscapes



• In 3D, spin-glass transition at 


• Simulation details


- 3D with 160


- 16 samples of , 256 replicas each


- Metropolis algorithm, 1 lattice sweep  1 ps


- simulation time from 1 ps to 0.1 s (!!)

Tc = 1.102(3)

L =

{J}

≈

A simple spin-glass

H = − ∑
⟨i,j⟩

Jijsisj Jij = ± 1



A realization at T < Tc



Relaxation after a quench below Tc
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Relaxation after a quench below Tc

hot start T=1.3 
cold start T=1.2 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Coherence length

ξ

• Above  grows 
(slowly) to 
equilibrium value


• Below  grows 
without bounds 
(slowly) as 

Tc

Tc

ξ ∼ t1/z(T)



How to quickly cool a glass?

E(t) = E∞(T) +
E1

ξ(t)Dl
+ …

Dl ≈ 2.5
lower critical dimension

isothermal relaxation  

isothermal relaxation  
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What about ecological communities?


