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Generalized Lotka-Volterra equations
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       Describe well-mixed ecological community with  species 

•  : number of individuals of species  

•  : intrinsic growth rate 

•  : carrying capacity 

•  : effect of species  on growth of species 
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GLV equations and statistical physics

• With many species tools from statistical physics can be used 
• Usual assumption: interactions  are random and fixed in timeαij
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μ
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Phase diagram of GLV equations
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⟨αij⟩ =
μ
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var(αij) =
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[G. Bunin, PRE 2017]
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Equilibrium distribution of GLV equations

dNi

dt
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j≠i
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Equilibrium 
distribution: 
truncated 
gaussian

[G. Bunin, PRE 2017, T. Galla, EPL 2018]
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Limitations of GLV equations

dNi
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= Ni 1 − Ni − ∑
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• Equilibrium distribution is not realistic 
• Unbounded growth is non-physical 
• Interactions may change in time

Equilibrium 
distribution: 
truncated 
gaussian
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GLV equations with stochastic interactions
dNi

dt
=

ri

Ki
Ni Ki − Ni − ∑

j≠i

αij(t)Nj

αij(t) =
μ
S

+
σ

S
zij(t)

⟨zij(t)⟩ = 0

⟨zij(t)zij(t′￼)⟩ ∝ exp (−
| t − t′￼|

τ )
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DMFT for GLV with stochastic interactions
• In the limit of large number of species dynamics of community 

is equivalent to Dynamical Mean-Field Theory

dN
dt

= N [1 − N + η(t)]dNi

dt
= Ni 1 − Ni − ∑

j≠i

αij(t)Nj

⟨η(t)⟩ = μ ⟨N(t)⟩
⟨η(t)η(t′￼)⟩c = σ2P(Δt)⟨N(t)N(t′￼)⟩

 Gaussian noise withη(t)
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Equilibrium distribution: UCNA approximation

• No solution for equilibrium distribution due to colored noise 
• With Unified Colored-Noise Approximation:

Peq(N ) ∝ ( 1
τ̄

+ N) N−1+δe−N/D ⋅ e−τ̄(N−N̄ )2/2D

dN/dt = N [1 − N + η(t)]



CCS/ITALY 2023 Naples, 9th – 11th October 2023

Speaker: Francesco Ferraro

Equilibrium distribution in white-noise limit
• For  the exact equilibrium isτ → 0

Peq(N ) ∝ N−1+δe−βx
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Stability of equilibrium in white-noise limit
• Due to non-linearity of Fokker-Planck equation stationary state 

is not always reached
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Summary of results
• New paradigm of stochastic disorder in GLV equations 

• Derivation of DMFT equation 
• Equilibrium distribution within UCNA approximation 
• Exact equilibrium distribution in the limit  
• Numerical insight on stability of white-noise equilibrium

τ → 0
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Further work and perspectives
• Why can’t the stationary be always reached? 
• Unbounded growth still present 
• Correlations between different  

• Both quenched and stochastic disorder (noisy interactions) 
• Application to other equations

αij
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